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Compact model∗ for Quarks and Leptons
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Y. H. Ahn
Key Laboratory of Particle Astrophysics, Institute of High Energy Physics,
Chinese Academy of Sciences, Beijing, 100049, China†
Abstract
We show how the scales responsible for Peccei-Quinn (PQ), seesaw, and Froggatt and Nielsen
(FN) mechanisms can be fixed, by constructing a compact model for resolving rather recent, but
fast-growing issues in astro-particle physics, including quark and leptonic mixings and CP vio-
lations, high-energy neutrinos, QCD axion, and axion cooling of stars. The model is motivated
by the flavored PQ symmetry for unifying the flavor physics and string theory. The QCD axion
decay constant congruent to the seesaw scale, through its connection to the astro-particle con-
straints of both the stellar evolution induced by the flavored-axion bremsstrahlung off electrons
e + Ze → Ze + e + Ai and the rare flavor-changing decay process induced by the flavored-axion
K+ → pi+ +Ai, is shown to be fixed at FA = 3.56+0.84−0.84 × 1010 GeV (consequently, the QCD axion
mass ma = 1.54
+0.48
−0.29 × 10−4 eV, Compton wavelength of its oscillation λa = 8.04+1.90−1.90mm, and
axion to neutron coupling gAnn = 2.14
+0.66
−0.41×10−12, etc.). Subsequently, the scale associated to FN
mechanism is dynamically fixed, Λ = 2.04+0.48−0.48× 1011GeV, through its connection to the standard
model fermion masses and mixings, and such fundamental scale might give a hint where some
string moduli are stabilized in type-IIB string vacua. In the near future, the NA62 experiment
expected to reach the sensitivity of Br(K+ → pi++Ai) < 1.0×10−12 will probe the flavored-axions
or exclude the model, if the astrophysical constraint of star cooling is really responsible for the
flavored-axion.
PACS numbers:
∗ Here ‘compact’ model means a model that provides only requisite parameters it is easy to disprove.
†Electronic address: axionahn@naver.com
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I. INTRODUCTION
Until now, symmetries have played an important role in physics in general and in quantum
field theory in particular. The SM as a low-energy effective theory has been very predictive
and well tested, due to the symmetries satisfied by the theory - Lorentz invariance plus the
SU(3)C×SU(2)L×U(1)Y gauge symmetry in addition to the discrete space-time symmetries
like P and CP. However, it leaves many open questions for theoretical and cosmological issues
that have not been solved yet (e.g., [1, 2]). The SM therefore cannot be the final answer. It
is widely believed that the SM should be extended to a more fundamental underlying theory.
Neutrino mass and mixing is the first new physics beyond SM and adds impetus to solving
several open questions in astro-particle physics and cosmology. Seesaw mechanism [3] has
been the most promising one responsible for the neutrino mass. Moreover, a solution to
the strong CP problem of QCD through Peccei-Quinn (PQ) mechanism [4] 1 may hint a new
extension of gauge theory [1, 7]. If the QCD axion as a solution to the strong CP problem
exists, it can easily fit into a string theoretic framework and appears cosmologically as a
form of cold dark matter 2. Flavor puzzle for the SM charged-fermion mass hierarchies could
be solved by implementing Froggatt and Nielsen (FN) mechanism [9]. If those mechanisms
are realized in nature at low energies, finding the scales responsible for the seesaw, PQ, and
FN mechanisms could be one of big challenges as a theoretical guideline to the fundamental
issues of particle physics and cosmology.
Many of the outstanding mysteries of astrophysics may be hidden from our sight at all
wavelengths of the electromagnetic spectrum because of absorption by matter and radiation
between us and the source. So, data from a variety of observational windows, especially,
through direct observations with neutrinos and axions, may be crucial. Hence, axions and
neutrinos in astro-particle physics and cosmology could be powerful sources for a new ex-
tension of SM particle physics [1, 2, 7], in that they stand out as their convincing physics
and the variety of experimental probes. Fortunately, most recent analyses on the knowl-
edges of neutrino (low-energy neutrino oscillations [10] and high-energy neutrino [11]) and
1 See, most recent its related simple toy models ((non-)supersymmetric versions) in Ref . [5], see also Ref. [6].
2 On this issue we will consider flavored-axion [8] as a cold dark matter in the next project. The scale in
Eq. (44) we found is available for explaining dark matter, and finding it in experiments can change the
fundamental understanding of the universe.
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axion (QCD axion [12, 13] and axion-like-particle(ALP) [14, 15]) enter into a new phase of
model construction for quarks and leptons [8]. In light of finding the fundamental scales,
interestingly enough, there are two astro-particle constraints coming from the star cooling
induced by the flavored-axion bremsstrahlung off electrons e + Ze → Ze + e + Ai [14] and
the rare flavor-changing decay process induced by the flavored-axion K+ → π+ + Ai [16],
respectively,
6.7× 10−29 . αAee . 5.6× 10−27 at 3σ , Br(K+ → π+Ai) < 7.3× 10−11 , (1)
where αAee is the fine-structure of axion to electron. Since astro-particle physics observations
have increasingly placed tight constraints on parameters for flavored-axions, it is in time
for a compact model for quarks and leptons to mount an interesting challenge on fixing the
fundamental scales such as the scales of seesaw, PQ, and FN mechanisms. The purpose of the
present paper is to construct a flavored-PQ model [8] along the lines of the challenge, which
naturally extends to a compact symmetry GF = anomalous U(1) plus non-Abelian (finite)
symmetries for new physics beyond SM. Remark that [17] in modeling the U(1) mixed-
gravitational anomaly cancellation [18] is of central importance in constraining the fermion
contents of a new chiral gauge theory and the flavor structure of GF is strongly correlated
with physical observables. Here the flavored-PQ U(1) symmetry together with the non-
Abelian finite symmetry is well flavor-structured in a unique way that domain-wall number
NDW = 1 with the U(1)X× [gravity]2 anomaly-free condition demands additional Majorana
fermion and the flavor puzzles of SM are well delineated by new expansion parameters
expressed in terms of U(1)X charges and U(1)X -[SU(3)C]
2 anomaly coefficients, providing
interesting physical implications on neutrino, QCD axion, and flavored-axion 3.
The rest of this paper is organized as follows. In Sec. II we construct a compact model
based on SL2(F3) × U(1)X in a supersymmetric framework. Subsequently, we show that
the model works well with the SM fermion mass spectra and their peculiar flavor mixing
patterns. In Sec. III we show that the QCD decay constant (congruent to the seesaw scale)
is well fixed through constraints coming from astro-particle physics, and in turn the FN
scale is dynamically determined via its connection to the SM fermion masses and mixings.
And we show several properties of the flavored-axions. What we have done is summarized
in Sec.V.
3 Recently, studies on flavored-axion are gradually becoming amplified [1, 8, 17, 19].
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II. FLAVORED SL2(F3)× U(1)X SYMMETRY
Similar to Ref. [17], assume that we have a SM gauge theory based on theGSM = SU(3)C×
SU(2)L×U(1)Y gauge group, and that the theory has in addition a GF ≡ SL2(F3)×U(1)X
for a compact description of new physics beyond SM. Here the symmetry group of the double
tetrahedron SL2(F3) [20–22] could be realized in field theories on orbifolds; it is a subgroup
of a gauge symmetry that can be protected from quantum-gravitational effects. And the
U(1)X as flavored-PQ symmetry is composed of two anomalous symmetries U(1)X1×U(1)X2
generated by the charges X1 ≡ −2p and X2 ≡ −q. Here the global U(1) symmetry 4
including U(1)R is remnants of the broken U(1) gauge symmetries which can connect string
theory with flavor physics [1, 7]. Hence, the spontaneous breaking of U(1)X realizes the
existence of the Nambu-Goldstone (NG) mode (called axion) and provides an elegant solution
to the strong CP problem.
A. Vacuum configuration
We briefly review the fields contents responsible for the vacuum configuration since the
scalar potential of the model is the same as in Ref. [17]. Apart from the usual two Higgs
doublets Hu,d responsible for electroweak symmetry breaking, which transform as (1, 0) un-
der SL2(F3) × U(1)X symmetry, the scalar sector is extended via two types of new scalar
multiplets that are GSM-singlets: flavon fields ΦT ,ΦS,Θ, Θ˜, η,Ψ, Ψ˜ responsible for the spon-
taneous breaking of the flavor symmetry, and driving fields ΦT0 ,Φ
S
0 , η0,Θ0,Ψ0 that are to
break the flavor group along required VEV directions and to allow the flavons to get VEVs,
which couple only to the flavons. The electroweak Higgs fields Hu,d are enforced to be neutral
under U(1)X not to have an axionic domain-wall problem.
Under SL2(F3) × U(1)X the flavon fields {ΦT ,ΦS} transform as (3, 0) and (3, X1), η
as (2′, 0), and {Θ, Θ˜,Ψ, Ψ˜} as (1, X1), (1, X1), (1, X2), and (1,−X2), respectively; the
driving fields {ΦT0 ,ΦS0 } transform as (3, 0) and (3,−2X1), η0 as (2′′, 0), and {Θ0,Ψ0}
as (1,−2X1) and (1, 0), respectively. For vacuum stability and a desired vacuum align-
ment solution, the flavon fields {ΦT , η} are enforced to be neutral under U(1)X . In addi-
4 It is likely that an exact continuous global symmetry is violated by quantum gravitational effects [23].
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tion, the superpotential W in the theory is uniquely determined by the U(1)R symmetry,
containing the usual R-parity as a subgroup: {matter fields → eiξ/2matter fields} and
{driving fields → eiξ driving fields}, with W → eiξW , whereas flavon and Higgs fields
remain invariant under an U(1)R symmetry. As Ref. [17] the global minima of the potential
are given at leading order by
〈ΦT 〉 = vT√
2
(1, 0, 0) , 〈ΦS〉 = vS√
2
(1, 1, 1) , 〈η〉 = vη√
2
(1, 0) ,
〈Ψ〉 = 〈Ψ˜〉 = vΨ√
2
, 〈Θ〉 = vΘ√
2
, 〈Θ˜〉 = 0 , (2)
where vΨ = vΨ˜ and κ = vS/vΘ in SUSY limit. And the complex scalar fields are decomposed
as follows [17]
ΦSi =
e
i
φS
vS√
2
(vS + hS) , Θ =
e
i
φθ
vΘ√
2
(vΘ + hΘ) ,
Ψ =
vΨ√
2
e
i
φΨ
vg
(
1 +
hΨ
vg
)
, Ψ˜ =
vΨ˜√
2
e
−i
φΨ
vg
(
1 +
hΨ˜
vg
)
, (3)
in which ΦS1 = ΦS2 = ΦS3 ≡ ΦSi and hΨ = hΨ˜ in the SUSY limit, and vg =
√
v2Ψ + v
2
Ψ˜
.
And the NG modes A1 and A2 are expressed as
A1 =
vS φS + vΘ φθ√
v2S + v
2
Θ
, A2 = φΨ (4)
with the angular fields φS, φθ and φΨ.
B. Quarks, Leptons, and flavored-Axions
Under SL2(F3)×U(1)X with U(1)R = +1, the SM quark matter fields are sewed by the five
(among seven) in-equivalent representations 1, 1′, 1′′, 2′ and 3 of SL2(F3), and assigned as
in Table I and II. Because of the chiral structure of weak interactions, bare fermion masses
are not allowed in the SM. Fermion masses arise through Yukawa interactions [24]. Then
TABLE I: Representations of the quark fields under SL2(F3)× U(1)X with U(1)R = +1.
Field Q1, Q2, Q3 Dc, bc U c, tc
SL2(F3) 1, 1
′, 1′′ 2′, 1′ 2′, 1′
U(1)X 10p − 4q, 8p− 2q, 0 3q − 8p, 3q −8p, 0
5
the Yukawa superpotential for quark sector invariant under GSM ×GF × U(1)R is sewed as
W uq = yˆt t
cQ3Hu + yc (ηU c)1′′Q2Hu
Λ
+ y˜c [(ηU c)3ΦT ]1′′Q2Hu
Λ2
+ yu [(ηU c)3ΦT ]1Q1Hu
Λ2
+ y˜u [(ηU c)3ηη]1Q1Hu
Λ3
, (5)
W dq = yb b
cQ3Hd + ys (ηDc)1′′Q2Hd
Λ
+ Ys b
cQ2(ΦSΦS)1′
Hd
Λ2
+ yd [(ηDc)3ΦS]1Q1Hd
Λ2
+ Yd b
cQ1(ΦSΦS)1′′
Hd
Λ2
+ y˜d [(ηDc)3ΦT ]1Q1Hd
Λ2
. (6)
According to the assignment of the U(1)X quantum numbers to the matter fields content
as in Table I, the Yukawa couplings of quark fermions are visualized as a function of the SM
gauge singlet flavon fields Ψ(Ψ˜) and /or Θ(ΦS), except for the top Yukawa coupling:
yc = yˆc
(Ψ˜
Λ
)2
, y˜c = ˆ˜yc
(Ψ˜
Λ
)2
, yu = yˆu
(Ψ˜
Λ
)4Θ
Λ
, y˜u = ˆ˜yu
(Ψ˜
Λ
)4Θ
Λ
,
yb = yˆb
(Ψ
Λ
)3
, ys = yˆs
(Ψ
Λ
)
, yd = yˆd
(Ψ˜
Λ
)
, y˜d = ˆ˜yd
(Ψ˜
Λ
)Θ
Λ
,
Ys = Yˆs1
(Θ
Λ
)2Ψ
Λ
+ Yˆs2
(ΦS
Λ
)2Ψ
Λ
, Yd = Yˆd1
(Θ
Λ
)3 Ψ˜
Λ
+ Yˆd2
(ΦS
Λ
)2Θ
Λ
Ψ˜
Λ
. (7)
Recalling that the hat Yukawa coupling denotes order of unity. The up-type quark super-
potential in Eq. (5) does not contribute to the Cabbibo-Kobayashi-Maskawa (CKM) matrix
due to the diagonal form of mass matrix, while the down-type quark superpotential in Eq. (6)
does contribute the CKM matrix.
As discussed in Refs. [1, 8, 17], with the condition of U(1)X-[gravity]
2 anomaly cancel-
lation new additional Majorana fermions Sce, µ, τ besides the heavy Majorana neutrinos can
be introduced in the lepton sector. Hence, such new additional Majorana neutrinos can
play a role of the active neutrinos as pseudo-Dirac neutrinos. Under SL2(F3)×U(1)X with
U(1)R = +1, the quantum numbers of the lepton fields are summarized as in Table II. The
TABLE II: Representations of the lepton fields under SL2(F3) × U(1)X with U(1)R = +1. And
here r ≡ Qyν + p is defined.
Field L ec, µc, τ c N c Sce, S
c
µ, S
c
τ
SL2(F3) 3 1, 1
′′, 1′ 3 1, 1′′, 1′
U(1)X −r r −Qye , r −Qyµ , r −Qyτ p r −Qys1 , r −Qys2 , r −Qys3
lepton Yukawa superpotential, similar to the quark sector, invariant under GSM×GF×U(1)R
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reads at leading order
Wℓ = yτ τ
c(LΦT )1′′
Hd
Λ
+ yµ µ
c(LΦT )1′
Hd
Λ
+ ye e
c(LΦT )1
Hd
Λ
, (8)
Wν = y
s
3 S
c
τ (LΦT )1′′
Hu
Λ
+ ys2 S
c
µ(LΦT )1′
Hu
Λ
+ ys1 S
c
e(LΦT )1
Hu
Λ
+ yν(LN
c)1Hu +
1
2
(yˆΘΘ+ yˆΘ˜Θ˜)(N
cN c)1 +
yˆR
2
(N cN c)3ΦS
+
1
2
{yss1 SceSce + yss2 ScµScτ + yss2 ScτScµ}Θ . (9)
Below the cutoff scale Λ, the mass term of the Majorana neutrinos N c comprises an exact
tri-bimaximal mixing (TBM) pattern [25, 26]. With the desired VEV alignment in Eq. (2)
it is expected that the leptonic Pontecorvo-Maki-Nakagawa-Sakata (PMNS) mixing matrix
at the leading order is exactly compatible with a TBM
θ13 = 0 , θ23 =
π
4
= 45◦ , θ12 = sin
−1
( 1√
3
)
≃ 35.3◦ . (10)
In order to explain the present terrestrial neutrino oscillation data, non-trivial next
leading order corrections should be taken into account: for example, (N cN cΘΦT )1/Λ,
(N cN cΦSΦT )1/Λ, and (LN
cΦT )1Hu/Λ. (For neutrino phenomenology we will consider in
detail in the next project. See also an interesting paper [27].).
Here the U(1)X quantum numbers associated to the charged-leptons are assigned in a way
that (i) the charged lepton mass spectra are described and (ii) the ratio of electromagnetic
U(1)X -[U(1)EM]
2 and color anomaly U(1)X -[SU(3)C]
2 coefficients lies in the range 5 0 <
E/N < 4, where E =
∑
f(δ
G
2 X1f + δ
G
1 X2f)(Q
em
f )
2 and N = 2δG1 δ
G
2 :
E
N
=
23
6
, for Qyτ = −3q, Qyµ = −6q, Qye = 11q ; case-I (11)
E
N
=
1
2
, for Qyτ = 3q, Qyµ = 6q, Qye = −11q ; case-II (12)
E
N
=
5
2
, for Qyτ = 3q, Qyµ = 6q, Qye = −11q ; case-III . (13)
Similarly, the U(1)X quantum numbers associated to the neutrinos can be assigned by
the anomaly-free condition of U(1)X-[gravity]
2 together with the measured active neutrino
observables:
U(1)X × [gravity]2 ∝ 3 {4p− 3q}quark
+
{
3p−Qys
1
−Qys
2
−Qys
3
−Qye −Qyµ −Qyτ
}
lepton
= 0 . (14)
5 This range is derived from the bound ADMX experiment [13] (gaγγ/ma)
2 ≤ 1.44× 10−19GeV−2 eV−2.
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This vanishing anomaly, however, does not restrict Qyν (or equivalently Qyssi ), whose quan-
tum numbers can be constrained by the new neutrino oscillations of astronomical-scale
baseline, as shown in Refs. [1, 17, 28]. With the given above U(1)X quantum numbers, such
U(1)X × [gravity]2 anomaly is free for
21
X1
2
= k2X2 with k2 =


11− Q˜ys
1
− Q˜ys
2
− Q˜ys
3
; case-I
1− Q˜ys
1
− Q˜ys
2
− Q˜ys
3
; case-II
7− Q˜ys
1
− Q˜ys
2
− Q˜ys
3
; case-III

 . (15)
where Q˜ysi = Qys1/X2. We choose k2 = ±21 for the U(1)Xi charges to be smallest making no
axionic domain-wall problem, as in Ref. [1, 17]. Hence, for the case-I Q˜ys
1
+ Q˜ys
2
+ Q˜ys
3
= −10
(32); for the case-II −20 (22); for the case-III−14 (28), respectively, for k2 = 21(−21). Then,
the color anomaly coefficients are given by δG1 = 2X1 and δ
G
2 = −3X2, and subsequently the
axionic domain-wall condition as in Ref. [17] is expressed with the reduced k1 = ±k2 = 1 as
N1 = 4 and N2 = 3. Clearly, in the QCD instanton backgrounds since the N1 and N2 are
relative prime there is no ZNDW discrete symmetry, and therefore no axionic domain-wall
problem occurs.
Once the scalar fields ΦS,Θ, Θ˜,Ψ and Ψ˜ get VEVs, the flavor symmetry U(1)X×SL2(F3)
is spontaneously broken 6. And at energies below the electroweak scale, all quarks and
leptons obtain masses. The relevant Yukawa interaction terms with chiral fermions ψ charged
under the flavored U(1)X symmetry is given by
−LYW = quRMu quL + qdRMd qdL + ℓRMℓ ℓL +
g√
2
W+µ q
u
Lγ
µ qdL +
g√
2
W−µ ℓLγ
µ νL
+
1
2
(
νcL SR NR
)


0 mTDS m
T
D
mDS e
i
A1
vF MS 0
mD 0 e
i
A1
vF MR




νL
ScR
N cR

+ h.c. , (16)
where g is the SU(2) coupling constant, qu = (u, c, t), qd = (d, s, b), ℓ = (e, µ, τ), and
νL = (νe, νµ, ντ ).
6 If the symmetry U(1)X is broken spontaneously, the massless modes A1 of the scalar ΦS (or Θ) and A2
of the scalar Ψ(Ψ˜) appear as phases.
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1. Quarks and CKM mixings, and flavored-Axions
Now, let us move to discussion on the realization of quark masses and mixings, in which
the physical mass hierarchies are directly responsible for the assignment of U(1)X quantum
numbers. The axion coupling matrices to the up- and down-type quarks, respectively, are
diagonalized through bi-unitary transformations: V ψRMψV ψ†L = Mˆψ (diagonal form), and
the mass eigenstates ψ′R = V
ψ
R ψR and ψ
′
L = V
ψ
L ψL. With the desired VEV directions in
Eq. (2), in the above Lagrangian (16) the mass matricesMu andMd for up- and down-type
quarks, respectively, are expressed as
Mu =


(iyu∇T − y˜u∇2η)∇η ei(
A1
vF
−4
A2
vg
)
0 0
0 (yc +
1−i
2
y˜c∇T )∇η e−2i
A2
vg 0
0 0 yˆt

vu , (17)
Md =


(iyd∇S + y˜d∇T )∇η ei(
A1
vF
−
A2
vg
)
0 0
1−i
2
yd∇η∇S ei(
A1
vF
−
A2
vg
)
ys∇η ei
A2
vg 0
3Yd∇2S ei(5
A1
vF
−
A2
vg
)
3Ys∇2S ei(4
A1
vF
+
A2
vg
)
yb e
3i
A2
vg

vd , (18)
where vd ≡ 〈Hd〉 = v cos β/
√
2 and vu ≡ 〈Hu〉 = v sin β/
√
2 with v ≃ 246 GeV, and
∇Q ≡ vQ√
2Λ
with Q = η, S, T,Θ,Ψ, Ψ˜ . (19)
In the above mass matrices the corresponding Yukawa terms for up- and down-type quarks
are given by
yu = yˆu∇Θ∇4Ψ˜ , y˜u = ˆ˜yu∇Θ∇4Ψ˜ , yc = yˆc∇2Ψ˜ , y˜c = ˆ˜yc∇2Ψ˜ ,
yd = yˆd∇Ψ˜ , y˜d = ˆ˜yd∇Ψ˜∇Θ , ys = yˆs∇Ψ , yb = yˆb∇3Ψ . (20)
Due to the diagonal form of the up-type quark mass matrix in Eq. (36) the CKM mixing
matrix VCKM ≡ V uL V d†L coming from the charged quark-current term in Eq. (16) is generated
from the down-type quark matrix in Eq. (18):
VCKM = V
d†
L =


1− 1
2
λ2 λ Aλ3(ρ+ iη)
−λ 1− 1
2
λ2 Aλ2
Aλ3(1− ρ+ iη) −Aλ2 1

+O(λ4) , (21)
in the Wolfenstein parametrization [30] and at higher precision [31], where λ =
0.22509+0.00091−0.00071, A = 0.825
+0.020
−0.037, ρ¯ = ρ/(1 − λ2/2) = 0.160+0.034−0.021, and η¯ = η/(1 − λ2/2) =
0.350+0.024−0.024 with 3σ errors [32].
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The quark mass matricesMu in Eq. (17) andMd in Eq. (18) generate the up- and down-
type quark masses:
M̂u = P ∗u MuQu = diag(mu, mc, mt) , M̂d = V d†R Md V dL = diag(md, ms, mb) , (22)
where Pu and Qu are diagonal phase matrices, and V
d
L and V
d
R can be determined by diago-
nalizing the matrices forM†dMd andMdM†d, respectively. The physical structure of the up-
and down-type quark Lagrangian should match up with the empirical up- and down-type
quark masses and their ratios calculated from the measured PDG values [29]:
md
mb
+ 1.12+0.13−0.11 × 10−3 ,
ms
mb
+ 2.30+0.21−0.12 × 10−2 ,
mu
mt
+ 2.41+0.03−0.03 × 10−2 ,
mu
md
+ 0.38− 0.58 , mc
mt
+ 7.39+0.20−0.20 × 10−3 ,
mu
mc
+ 1.72+0.52−0.34 × 10−3 , (23)
mb = 4.18
+0.04
−0.03GeV , mc = 1.28± 0.03GeV , mt = 173.1± 0.6GeV , (24)
where c- and b-quark masses are the running masses in the MS scheme, and the light u-,
d-, s-quark masses are the current quark masses in the MS scheme at the momentum scale
µ ≈ 2 GeV. So, the following new expansion parameters are defined in a way that the
diagonalizing matrix V dL satisfies the CKM matrix as well as the empirical quark masses and
their ratios in Eqs. (23) and (24):
∇T = κ |yˆd|| ˆ˜yd|
with φd˜ = −φd −
π
2
, (25)
∇Θ = 1
κ
∇S =
∣∣∣X2δG1
X1δ
G
2
∣∣∣
√
2
1 + κ2
∇Ψ , (26)
∇η =
(mc
mt
)
PDG
∣∣∣ yˆt
yˆc + ˆ˜yc∇T
∣∣∣ 1∇2Ψ , (27)
∇Ψ ≃ λ
∣∣∣X1δG2
X2δ
G
1
∣∣∣ 23(B (1 + κ2)
6κ2
|yˆb|
|Yˆd1 + 3κ2Yˆd2|
) 1
3
. (28)
Then, the mixing matrix V d†L = VCKM is obtained by diagonalizing the Hermitian matrix
M†dMd:
V dLM†dMdV d†L = diag(|md|2, |ms|2, |mb|2) . (29)
The CKM mixing angles in the standard parametrization [33] can be roughly described as
θq12 ≃
1√
2
∣∣∣ yˆd
yˆs
∣∣∣∇S , θq23 ≃ 3κ2∣∣∣ Yˆs1 + 3κ2Yˆs2yˆb
∣∣∣∇4Θ∇2Ψ , θq13 ≃ 3
∣∣∣ Yˆd1 + 3κ2Yˆd2
yˆb
∣∣∣∇Ψ∇2S . (30)
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And with the quark fields redefinition the CKM CP phase is given as
δqCP ≡ tan−1 (η/ρ) = φd2 − 2φd3 , (31)
where φd2 ≃ arg{(Yˆ ∗d1 + 3κ2Yˆ ∗d2)yˆb}/2 − φd1/2 and 2φd3 ≃ arg(yˆ∗s yˆb) + φd1 − φd2 + π/4, and
φd1 = arg{(Yˆ ∗s1 + 3κ2Yˆ ∗s2)yˆb}/2. As designed, the CKM matrix is well described with
JquarkCP = Im[VusVcbV
∗
ubV
∗
cs] ≃ A2λ6
√
ρ2 + η2 sin δqCP . Subsequently, the up- and down-type
quark masses are obtained as
mt ≃ |yˆt| vu , mb ≃ |yˆb|∇3Ψ vb ,
mc ≃
∣∣∣yˆc + 1− i
2
ˆ˜yc∇T
∣∣∣∇2Ψ∇η vu , ms ≃ |yˆs|∇Ψ∇η vd ,
mu ≃ ∇4Ψ∇η∇Θ|iyˆu∇T − ˆ˜yu∇2η| vu , md ≃ 2|yˆd sinφd|∇Ψ∇η∇S vd . (32)
And the parameter of tan β ≡ vu/vd is given in terms of the PDG value in Eq. (24) by
tan β ≃
(mt
mb
)
PDG
∣∣∣ yˆb
yˆt
∣∣∣∇3Ψ . (33)
Since all the parameters in the quark sector are correlated with one another, it is very
crucial for obtaining the values of the new expansion parameters to reproduce the empirical
results of the CKM mixing angles and quark masses. Moreover, since such parameters are
also closely correlated with those in the lepton sector, finding the value of parameters is
crucial to produce the empirical results of the charged leptons (see below Eq. (36)) and the
light active neutrino masses in our model.
2. Numerical analysis for Quark masses and CKM mixing angles
We perform a numerical simulation 7 using the linear algebra tools of Ref. [34]. With the
inputs
tanβ = 4.7 , κ = 0.33 , (34)
and |yˆd| = 1.1 (φd = 3.070 rad), | ˆ˜yd| = 1.194, |yˆs| = 0.370 (φs = 4.920 rad), |yˆb| = 2.280
(φb = 0), |yˆu| = 0.400 (φu = 0), | ˆ˜yu| = 1.0 (φu˜ = 0), |yˆc| = 2.800 (φc = 3.600 rad),
7 Here, in numerical calculation, we have only considered the mass matrices in Eqs. (17) and (18) since it
is expected that the corrections to the VEVs due to higher dimensional operators could be small enough
below a few percent level.
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| ˆ˜yc| = 1.000 (φc˜ = 0), |yˆt| = 1.017 (φt = 0), |Yˆd1| = 0.900 (φYd1 = 4.800 rad), |Yˆd2| = 0.800
(φYd2 = 0), |Yˆs1| = 2.600 (φYs1 = 6.500 rad), |Yˆs2| = 1.900 (φYs2 = 0.117 rad), leading to
∇Ψ = 0.370 , ∇S = 0.109 , ∇T = 0.304 , ∇η = 0.020 , (35)
we obtain the mixing angles and Dirac CP phase θq12 = 12.98
◦, θq23 = 2.32
◦, θq13 = 0.22
◦,
δqCP = 65.18
◦ compatible with the 3σ Global fit of CKMfitter [32]; the quark masses md =
4.49 MeV, ms = 101.62 MeV, mb = 4.18 GeV, mu = 2.57 MeV, mc = 1.28 GeV, and
mt = 173.1 GeV compatible with the values in PDG [29].
3. charged-Leptons and flavored-Axions
According to the U(1)X charge assignment of the charged-leptons in Eqs. (11), (12), and
(13), the charged-lepton mass matrix in the Lagrangian (16) is written as
Mℓ =


ye e
Qei
A2
vg 0 0
0 yµ e
Qµi
A2
vg 0
0 0 yτ e
Qτ i
A2
vg

vd , (36)
where Qe = −11, Qµ = 6, Qτ = 3 for the case-I (E/N = 23/6); Qe = 11, Qµ = −6,
Qτ = −3 for the case-II (E/N = 1/2); Qe = 11, Qµ = −6, Qτ = −3 for the case-III
(E/N = 5/2). The corresponding Yukawa terms are expressed in terms of Eqs. (19) and
(28) used in the quark sector as
ye = yˆe∇11Ψ , yµ = yˆµ∇6Ψ , yτ = yˆτ ∇3Ψ , (37)
where ∇Ψ = ∇Ψ˜ in SUSY limit is used. And the hat Yukawa couplings yˆe,µ,τ are fixed 8
as yˆe = 0.793152, yˆµ = 1.137250, yˆτ = 0.968747 by using the numerical values of Eq. (35)
in quark sector via the empirical results me = 0.511 MeV, mµ = 105.683 MeV, and mτ =
1776.86 MeV [29].
III. SCALE OF PQ PHASE TRANSITION AND QCD AXION PROPERTIES
The couplings of the flavored-axions and the mass of the QCD axion are inversely propor-
tional to the PQ symmetry breaking scale. In a theoretical view of Refs.[1, 8, 17], the scale
8 The charged lepton sector, in common with the quark sector, has VEV corrections and the hat Yukawa
couplings are corrected.
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of PQ symmetry breakdown congruent to that of the seesaw mechanism can push the scale
much beyond the electroweak scale, rendering the flavored-axions very weakly interacting
particles. Since the weakly coupled flavored-axions (one linear combination QCD axion and
its orthogonal ALP) could carry away a large amount of energy from the interior of stars,
according to the standard stellar evolution scenario their couplings should be bounded with
electrons 9, photons, and nucleons. Hence, such weakly coupled flavored-axions have a wealth
of interesting phenomenological implications in the context of astro-particle physics [1, 17],
like the formation of a cosmic diffuse background of axions from the Sun [35, 36]; from evolved
low-mass stars, such as red-giants and horizontal-branch stars in globular clusters [37, 38], or
white dwarfs [39, 40]; from neutron stars [41]; and from the duration of the neutrino burst of
the core-collapse supernova SN1987A [42] as well as the rare flavor changing decay processes
induced by the flavored-axions K+ → π+ + Ai [16, 43] and µ→ e + γ + Ai [43, 44] etc..
Such flavored-axions could be produced in hot astrophysical plasmas, thus transporting
energy out of stars and other astrophysical objects, and they could also be produced by the
rare flavor changing decay processes. Actually, the coupling strength of these particles with
normal matter and radiation is bounded by the constraint that stellar lifetimes and energy-
loss rates [45] as well as the branching ratios for the µ and K flavor changing decays [16, 44]
should not be counter to observations. Interestingly enough, the recent observations also
show a preference for extra energy losses in stars at different evolutionary stages - red
giants, supergiants, helium core burning stars, white dwarfs, and neutron stars (see Ref. [14]
for the summary of extra cooling observations and Ref. [1] on the interpretation to a bound
of the QCD axion decay constant); the present experimental limit, Br(K+ → π+Ai) <
7.3 × 10−11 [16], puts a lower bound on the axion decay constant, and in the near future
the NA62 experiment expected to reach the sensitivity Br(K+ → π+Ai) < 1.0 × 10−12 [46]
will probe the flavored-axions or put a severe bound on the QCD axion decay constant FA
(or flavored-axion decay constants Fai = fai/δ
G
i ). According to the recent investigation in
Ref. [1, 17], the flavored-axions (QCD axion and its orthogonal ALP) would provide very
good hints for a new physics model for quarks and leptons. Fortunately, in a framework
of the flavored-PQ symmetry the cooling anomalies hint at an axion coupling to electrons,
photons, and neutrons, which should not conflict with the current upper bound on the rare
9 The second (µ) and third (τ) generation particles are absent in almost all astrophysical objects.
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K+ → π+Ai decay. Remark that once a scale of PQ symmetry breakdown is fixed the other
is automatic including the QCD axion decay constant and the mass scale of heavy neutrino
associated to the seesaw mechanism.
In order to fix the QCD axion decay constant FA (or flavored-axion decay constants
Fai = fai/δ
G
i ), we will consider two tight constraints coming from astro-particle physics:
axion cooling of stars via bremsstrahlung off electrons and flavor-violating processes induced
by the flavored-axions.
A. Flavored-Axion cooling of stars via bremsstrahlung off electrons
In the present model since the flavored-axion A2 couples directly to electrons, the axion
can be emitted by Compton scattering, atomic axio-recombination and axio-deexcitation,
and axio-bremsstrahlung in electron-ion or electron-electron collision [37]. The flavored-
axion A2 coupling to electrons in the model reads
gAee =
Xeme√
2 δG2 FA
(38)
where me = 0.511 MeV, FA = fai/
√
2δGi , δ
G
2 = −3X2 and Xe = −11X2. Indeed, the
longstanding anomaly in the cooling of WDs (white dwarfs) and RGB (red giants branch)
stars in globular clusters where bremsstrahlung off electrons is mainly efficient [39] could be
explained by axions with the fine-structure constant of axion to electrons αAee = (0.29 −
2.30)× 10−27 [47] and αAee = (0.41 − 3.70)× 10−27 [40, 48], indicating the clear systematic
tendency of stars to cool faster than predicted. It is recently reexamined in Ref. [14] as Eq. (1)
where αAee = g
2
Aee/4π, which is interpreted in terms of the QCD axion decay constant in
the present model as
0.5× 1010 . FA[GeV] . 4.4× 1010 . (39)
This bound comes from the U(1)X quantum number of electron, Xe = −11X2, as shown in
Eq. (36). Note that the U(1)X quantum number of charged leptons in Eqs. (11, 12, 13) is
different from the one in Ref. [17] because of the different flavor structures of Yukawa inter-
actions, see Eqs. (17), (18), and (36), leading to the different values of expansion parameters
Eqs. (34) and (35) satisfying the empirical quark and lepton masses and mixings.
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B. Flavor-Changing process K+ → pi+ +Ai induced by the flavored-axions
Below the QCD scale (1 GeV≈ 4πfπ), the chiral symmetry is broken and π and K, and
η are produced as pseudo-Goldstone bosons. Since a direct interaction of the SM gauge
singlet flavon fields charged under U(1)X with the SM quarks charged under U(1)X can
arise through Yukawa interaction, the flavor-changing process K+ → π+ + Ai is induced
by the flavored-axions Ai. Then, the flavored-axion interactions with the flavor violating
coupling to the s- and d-quark is given by
LAisdY ≃ i
( |X1|A1
2fa1
− |X2|A2
fa2
)
s¯d (ms −md)λ
(
1− λ
2
2
)
, (40)
where 10 V d†L = VCKM, fa1 = |X1|vΘ(1 + κ2)1/2, and fa2 = |X2|vg are used. Then the decay
width of K+ → π+ + Ai is given by [43, 49]
Γ(K+ → π+ + Ai) = m
3
K
16π
(
1− m
2
π
m2K
)3∣∣Mdsi∣∣2 , (41)
where mK± = 493.677± 0.013 MeV, mπ± = 139.57018(35) MeV [50], and∣∣Mds1∣∣2 = ∣∣∣ X1
2
√
2δG1 FA
λ
(
1− λ
2
2
)∣∣∣2 , ∣∣Mds2∣∣2 = ∣∣∣ X2√
2δG2 FA
λ
(
1− λ
2
2
)∣∣∣2 , (42)
where FA = fai/(δ
G
i
√
2) is used. From the present experimental upper bound in Eq. (1),
Br(K+ → π+Ai) < 7.3 × 10−11, with Br(K+ → π+νν¯) = 1.73+1.15−1.05 × 10−10 [51], we obtain
the lower limit on the QCD axion decay constant
FA & 2.72× 1010GeV . (43)
Hence, from Eqs. (39) and (43) we can obtain a strongest bound on the QCD axion decay
constant
FA = 3.56
+0.84
−0.84 × 1010GeV . (44)
Interestingly enough, from Eqs. (35) and (44) the scale Λ = 3FA/(
√
2∇Ψ) responsible for
the FN mechanism can be determined
Λ = 2.04+0.48−0.48 × 1011GeV . (45)
10 In the standard parametrization the mixing elements of V dR are given by θ
R
23 ≃ Aλ2(∇η/κ2∇2Ψ) |yˆs/yˆb|,
θR13 ≃ ABλ5| sinφd| |yˆd/(Yˆs1 + 3κ2Yˆs2)| (2∇η/3κ∇3Ψ), and θR12 ≃ 2
√
2| sinφd|λ2. Its effect to the flavor
violating coupling to the s- and d-quark is negligible: (V dR Diag.(−4A1vF ,−4A1vF , 0)V
d†
R )12 = 0 at leading
order.
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In the near future the NA62 experiment will be expected to reach the sensitivity of
Br(K+ → π+ + Ai) < 1.0 × 10−12 [46], which is interpreted as the flavored-axion decay
constant and its corresponding QCD axion decay constant
fai > 9.86× 1011GeV ⇔ FA > 2.32× 1011GeV . (46)
Clearly, the NA62 experiment will probe the flavored-axions or exclude the present model.
C. QCD axion interactions with nucleons
Below the chiral symmetry breaking scale, the axion-hadron interactions are meaningful
(rather than the axion-quark interactions) for the axion production rate in the core of a star
where the temperature is not as high as 1 GeV, which is given by [8]
−La−ψN = ∂µa
2FA
XψNψN γµγ
5 ψN (47)
where a is the QCD axion, its decay constant is given by FA = fA/N with fA =
√
2 δG2 fa1 =√
2 δG1 fa2 , and ψN is the nucleon doublet (p, n)
T (here p and n correspond to the proton field
and neutron field, respectively). Recently, the couplings of the axion to the nucleon are very
precisely extracted as [52]
Xp = −0.47(3) + 0.88(3)X˜u
N
− 0.39(2)X˜d
N
− 0.038(5)X˜s
N
−0.012(5)X˜c
N
− 0.009(2)X˜b
N
− 0.0035(4)X˜t
N
, (48)
Xn = −0.02(3) + 0.88(3)X˜d
N
− 0.39(2)X˜u
N
− 0.038(5)X˜s
N
−0.012(5)X˜c
N
− 0.009(2)X˜b
N
− 0.0035(4)X˜t
N
, (49)
where N = 2δG1 δ
G
2 with δ
G
1 = 2X1 and δ
G
2 = −3X2, and X˜q = δG2 X1q+ δG1 X2q with q = u, d, s
and X1u = X1, X1d = X1, X1s = 0, X1c = 0, X1b = 0, X1t = 0, X2u = −4X2, X2d = −X2,
X2s = X2, X2c = −2X2, X2b = 3X2, X2t = 0. And the QCD axion coupling to the neutron
is written as
gAnn =
|Xn|mn
FA
, (50)
where the neutron mass mn = 939.6 MeV. The state-of-the-art upper limit on this coupling,
gAnn < 8× 10−10 [53], from the neutron star cooling is interpreted as the lower bound of the
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QCD axion decay constant
FA > 9.53× 107GeV . (51)
Clearly, the strongest bound on the QCD axion decay constant comes from the flavored-axion
cooling of stars via bremsstrahlung off electrons in Eq. (39) as well as the flavor-changing
process K+ → π+ + Ai induced by the flavored-axions in Eq. (43).
Using the state-of-the-art calculation in Eq. (49) and the QCD axion decay constant in
Eq. (44), we can obtain
gAnn = 2.14
+0.66
−0.41 × 10−12 , (52)
which is incompatible with the hint for extra cooling from the neutron star in the supernova
remnant “Cassiopeia A” by axion neutron bremsstrahlung, gAnn = 3.74
+0.62
−0.74 × 10−10 [54].
This huge discrepancy may be explained by considering other means in the cooling of the
superfluid core in the neutron star, for example, by neutrino emission in pair formation in
a multicomponent superfluid state 3P2 (mj = 0,±1,±2) [55].
D. QCD axion mass and its interactions with photons
With the well constrained QCD axion decay constant in Eq. (44) congruent to the seesaw
scale we can predict the QCD axion mass and its corresponding axion-photon coupling.
As in Refs. [1, 8], the axion mass in terms of the pion mass and pion decay constant is
obtained as
m2aF
2
A = m
2
π0f
2
πF (z, w) , (53)
where 11 fπ = 92.21(14) MeV [29] and
F (z, w) =
z
(1 + z)(1 + z + w)
with z ≡ m
MS
u (2GeV)
mMSd (2GeV)
= 0.48(3) and ω = 0.315 z . (54)
Note that the Weinberg value lies in 0.38 < z < 0.58 [29, 56]. After integrating out the heavy
π0 and η at low energies, there is an effective low energy Lagrangian with an axion-photon
11 Here F (z, ω) can be replaced in high accuracy as in Ref. [52] by F (z) = z(1+z)2
{
1+2
m2
pi
0
f2
pi
(
hr+
z2−6z+1
(1+z)2 lr
)}
,
where hr = (4.8± 1.4)× 10−3 and lr = 7(4)× 10−3.
17
coupling gaγγ :
Laγγ = 1
4
gaγγ aphys F
µνF˜µν = −gaγγ aphys ~E · ~B , (55)
where ~E and ~B are the electromagnetic field components. And the axion-photon coupling
can be expressed in terms of the QCD axion mass, pion mass, pion decay constant, z and
w:
gaγγ =
αem
2π
ma
fπmπ0
1√
F (z, w)
(
E
N
− 2
3
4 + z + w
1 + z + w
)
. (56)
The upper bound on the axion-photon coupling is derived from the recent analysis of the
horizontal branch (HB) stars in galactic globular clusters (GCs) [57], which translates into
the lower bound of decay constant through Eq. (53), as
|gaγγ| < 6.6× 10−11GeV−1 (95%CL) ⇔ FA &


3.23× 107GeV case-I
2.64× 107GeV, case-II
8.84× 106GeV, case-III
(57)
where in the right side E/N = 23/6 (case-I), 1/2 (case-II), 5/2 (case-III) for z = 0.48
are used. Subsequently, the bound in Eq. (57) translates into the upper bound of axion
mass through Eq. (53) as ma . 0.17 eV, . 0.21 eV, and . 0.62 eV for the case-I, -II,
and -III, respectively. It is well know that magnetic fields in or behind galaxy clusters
convert photons into axions and alter the spectrum of the X-ray photons arriving at the
earth [58, 59]. The non-observation of the X-ray spectral modulations induced by axion to
photon conversion with data drawn from the Chandra archive has placed a bound on the
axion-photon coupling [60]
|gaγγ| . 1.5× 10−12GeV−1 (95%CL) ⇔ FA &


1.42× 109GeV case-I
1.16× 109GeV, case-II
3.89× 108GeV, case-III
. (58)
The bounds of Eqs. (57) and (58) are much lower than that of Eq. (44) coming from the
present experimental upper bound Br(K+ → π+Ai) < 7.3 × 10−11 [16] as well as the axion
to electron coupling 6.7× 10−29 . αAee . 5.6× 10−27 at 3σ [14].
Hence, from Eqs. (44) and (53) the QCD axion mass and its corresponding axion-photon
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couplings are model predicted for z = 0.48:
ma = 1.54
+0.48
−0.29 × 10−4 eV ⇔ |gaγγ| =


5.99+1.85−1.14 × 10−14GeV−1, case-I
4.89+1.51−0.93 × 10−14GeV−1, case-II
1.64+0.51−0.31 × 10−14GeV−1, case-III
. (59)
Note here that, if 0.38 < z < 0.58 is considered for the given axion mass range, the ranges
of |gaγγ | in Eq. (59) can become wider than those for z = 0.48. The corresponding Compton
wavelength of axion oscillation is λa = (2π6h/ma)c with c ≃ 2.997 × 108m/s and 6h ≃
1.055× 10−34 J · s:
λa = 8.04
+1.90
−1.90mm . (60)
The QCD axion coupling to photon gaγγ divided by the QCD axion mass ma is dependent
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FIG. 1: Plot of (gaγγ/ma)
2 versus E/N for z = 0.48 (black curve) and 0.38 < z < 0.58
(cyon-band curve). The gray-band represents the experimentally excluded bound (gaγγ/ma)
2 ≤
1.44 × 10−19GeV−2 eV−2 from ADMX [12, 13]. Here the horizontal light-red, light-blue, and
light-black bands stand for (gaγγ/ma)
2 = 1.507+0.126−0.137 × 10−19GeV−2 eV−2 for E/N = 23/6,
1.003+0.382−0.368 × 10−19GeV−2 eV−2 for E/N = 1/2, and 1.128+0.163−0.252 × 10−20GeV−2 eV−2 for E/N =
5/2, respectively.
on E/N . Fig. 1 shows the E/N dependence of (gaγγ/ma)
2 so that the experimental limit is
independent of the axion mass ma [8]: for 0.38 < z < 0.58, the value of (gaγγ/ma)
2 for the
case-II and -III are located lower than that of the ADMX (Axion Dark Matter eXperiment)
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bound [13], while for the case-I is marginally 12 lower than that of the ADMX bound, where
(gaγγ/ma)
2
ADMX ≤ 1.44 × 10−19GeV−2 eV−2. The gray-band represents the experimentally
excluded bound (gaγγ/ma)
2
ADMX, while the cyon-band curve stands for 0.38 < z < 0.58. For
the Weinberg value z = 0.48+0.10−0.10, the anomaly values E/N = 23/6, 1/2, and 5/2 predict
(gaγγ/ma)
2 = 1.507+0.126−0.137×10−19GeV−2 eV−2 (case-I), 1.003+0.382−0.368×10−19GeV−2 eV−2 (case-
II), and 1.128+0.163−0.252 × 10−20GeV−2 eV−2 (case-III), respectively. Clearly, as shown in Fig. 1,
the uncertainties of (gaγγ/ma)
2 for the case-II and -III are larger than that of case-I for
0.38 < z < 0.58.
Case-I
Case-II
Case-III
1´10-5 2´10-5 5´10-5 1´10-4 2´10-4 5´10-4
1´10-15
2´10-15
5´10-15
1´10-14
2´10-14
5´10-14
1´10-13
2´10-13
Axion Mass ma HeVL
Èg
aΓ
Γ
HG
eV
-
1 L
FIG. 2: Plot of |gaγγ | versus ma for the case-I (slanted red-solid line), case-II (slanted blue dashed
line), and case-III (slanted black-dotted line) in terms of E/N = 23/6, 1/2 and 5/2, respectively.
Especially, the QCD axion massma = 1.54
+0.48
−0.29×10−4 eV is equivalent to the axion photon coupling
|gaγγ | = 5.99+1.85−1.14 × 10−14GeV−1 (horizontal light-red band), 4.89+1.51−0.93 × 10−14GeV−1 (horizontal
light-blue band), and 1.64+0.51−0.31 × 10−14GeV−1 (horizontal light-black band), which corresponds to
the case-I, -II, and -III, respectively.
Fig. 2 shows the plot for the axion-photon coupling |gaγγ | as a function of the axion mass
ma in terms of anomaly values E/N = 23/6, 1/2, 5/2 which correspond to the case-I, -II, and
-III, respectively. Especially, in the model, for FA = 3.56
+0.84
−0.84 × 1010 GeV and z = 0.48 we
obtain the QCD axion massma = 1.54
+0.48
−0.29×10−4 eV and the axion photon coupling |gaγγ| =
5.99+1.85−1.14×10−14GeV−1 (horizontal light-red band), 4.89+1.51−0.93×10−14GeV−1 (horizontal light-
12 In fact, this is the case for 0.54 . z < 0.58.
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blue band), and 1.64+0.51−0.31 × 10−14GeV−1 (horizontal light-black band), which corresponds
to the case-I, -II, and -III, respectively. As the upper bound on Br(K+ → π+ + Ai) gets
tighter, the range of the QCD axion mass gets more and more narrow, and consequently
the corresponding band width on |gaγγ | in Fig. 2 is getting narrower. In Fig. 2 the top edge
of the bands comes from the upper bound on Br(K+ → π+ + Ai), while the bottom of the
bands is from the astrophysical constraints of star cooling induced by the flavored-axion
bremsstrahlung off electrons e+ Ze→ Ze+ e + Ai.
The model will be tested in the very near future through the experiment such as CAPP
(Center for Axion and Precision Physics research) [61] as well as the NA62 experiment ex-
pected to reach the sensitivity of Br(K+ → π+ + Ai) < 1.0× 10−12 [46].
IV. SUMMARY AND CONCLUSION
Motivated by the flavored PQ symmetry for unifying the flavor physics and string the-
ory [1, 7], we have constructed a compact model based on SL2(F3) × U(1)X symmetry for
resolving rather recent, but fast-growing issues in astro-particle physics, including quark and
leptonic mixings and CP violations, high-energy neutrinos, QCD axion, and axion cooling of
stars. Since astro-particle physics observations have increasingly placed tight constraints on
parameters for flavored-axions, we have showed how the scale responsible for PQ mechanism
(congruent to that of seesaw mechanism) could be fixed, and in turn the scale responsible
for FN mechanism through flavor physics. Along the lines of finding the fundamental scales,
the flavored-PQ symmetry together with the non-Abelian finite symmetry is well flavor-
structured in a unique way that domain-wall number NDW = 1 with the U(1)X × [gravity]2
anomaly-free condition demands additional Majorana fermion and the flavor puzzles of SM
are well delineated by new expansion parameters expressed in terms of U(1)X charges and
U(1)X -[SU(3)C ]
2 anomaly coefficients, providing interesting physical implications on neu-
trino, QCD axion, and flavored-axion.
In the concrete, the QCD axion decay constant congruent to the seesaw scale, through its
connection to the astro-particle constraints of stellar evolution induced by the flavored-axion
bremsstrahlung off electrons e+Ze→ Ze+e+Ai and the rare flavor-changing decay process
induced by the flavored-axion K+ → π+ +Ai, is shown to be fixed at FA = 3.56+0.84−0.84 × 1010
GeV (consequently, the QCD axion mass ma = 1.54
+0.48
−0.29 × 10−4 eV, wavelength of its
21
oscillation λa = 8.04
+1.90
−1.90mm, axion to neutron coupling gAnn = 2.14
+0.66
−0.41×10−12, and axion
to photon coupling |gaγγ| = 5.99+1.85−1.14 × 10−14GeV−1 for E/N = 23/6 (case-I), 4.89+1.51−0.93 ×
10−14GeV−1 for E/N = 1/2 (case-II), 1.64+0.51−0.31 × 10−14GeV−1 for E/N = 5/2 (case-III),
respectively, in the case z = 4.8.). Subsequently, the scale associated to FN mechanism
is automatically fixed through its connection to the SM fermion masses and mixings, Λ =
2.04+0.48−0.48×1011GeV, and such fundamental scale might give a hint where some string moduli
are stabilized in type-IIB string vacua.
In the very near future, the NA62 experiment expected to reach the sensitivity of
Br(K+ → π+ + Ai) < 1.0× 10−12 will probe the flavored-axions or exclude the model.
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